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Abstract This paper uses computational experiments where bidders learn over
nonlinear bidding strategies to compare outcomes for alternative pricing format for
multi-unit multiple-bid auctions. Multi-unit multiple-bid auctions, in which bidders
are allowed to submit multiple price-quantity bids, are promising mechanisms for the
allocation of a range of resources. The main advantage of such auctions is to avoid the
lumpy bid problem which arises when bidders can only compete on the basis of one
bid. However, there is great uncertainty about the best auction formats when multi-unit
auctions are used. The theory can only supply the expected structural properties of
equilibrium strategies and the multiplicity of potential equilibria makes comparisons
across auction formats difficult. Empirical studies and experiments have improved our
knowledge of multi-unit auctions but they remain scarce and most experiments are
restricted to two bidders and two units. Moreover, they demonstrate that bidders have
limited rationality and learn through experience. This paper constructs an agent-based
computational model of bidders to compare the performance of alternative procurement auction formats under circumstances where bidders submit continuous bid supply
functions and learn over time to adjust their bids in order to improve their net incomes.
The setting is for independent private values. We show that bidding behaviour displays
more interesting patterns than is depicted in the theoretical literature and that bidding
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patterns depend on the interplay between heterogeneity in the bidder population and
the degree of rationing in the auction. Results indicate that the three auction formats
have similar performance for most levels of competition but that their performances
differ when competition is weak. This ranking is dependent on whether the population
of bidders is homogenous or heterogeneous.
Keywords Agent-based modelling · Agent-based computational economics ·
Computational experiments · Auction design · Multi-unit auctions ·
Multiple-bid auctions · Procurement auctions · Vickrey auctions · Uniform auctions ·
Discriminatory auctions
JEL Classification
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1 Introduction
Multiple-bid multi-unit auctions are increasingly being used to allocate resource. Well
known application areas include electricity markets (Wolfram 1998) and the allocation of Treasury bills or foreign exchange (Tenorio 1999). These auctions enable the
auctioneer to sell (buy) several units of the same good through a tender process where
bidders are allowed to submit bids in the form of demand schedules (supply schedules).
These auctions are more flexible than single-bid auctions that limit bids to single quantity-price pair bids and thus help avoid the ‘lumpy bid’ problem inherent in single-bid
auctions (Tenorio 1993). In the literature, the term ‘multi-unit auction’ is simply used
to refer to the multi-unit multiple-bid auction. For brevity, we will use this shorter
name in this paper.
There is great uncertainty about the performance of alternative auction formats in
the case of multi-unit multiple-bid auctions. As a result, the choice between discriminatory (or pay-as-bid) and uniform price formats continues to be controversial. This
is the case for Treasury bill auctions organized in Europe and in the US, where policymakers have switched from discriminatory to uniform payment formats in the hope of
improving the allocative efficiency of the auctions and increasing budgetary revenues
(Binmore and Swierzbinski 2000).
Economic theory does not provide much guidance on the relative efficiency of
alternative formats in a multiple-bid setting. The uncertainty is even greater when the
bidder population is heterogeneous or when bidder marginal values (costs) are not
constant (Ausubel and Cramton 2002). Although the theory provides some insights
into the possible structural properties of bidder strategies, the multiplicity of equilibria makes theoretical comparisons of different formats difficult. Empirical studies are
relatively scarce (Wolfram 1998; Tenorio 1993). Experiments are restricted to very
simplified settings in which two bidders compete for two units and have a flat demand.
Moreover, they demonstrate that bidders have limited calculation capacities and learn
from experience through repeated play instead of landing on the equilibrium strategies
at the outset of the game. The case for experimental and computational approaches to
further our understanding of multiple-bid auction design is therefore strong (Binmore
and Swierzbinski 2000, p. 407).
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Agent-based computational economics (ACE) provides a useful and inexpensive
research tool for examining the performance of auctions under different contexts and
for comparing the relative performance of different auction designs. It is increasingly
used to complement theoretical and experimental studies in economics (Tesfatsion
2002).1 This paper constructs an agent-based model to examine the performance of
three alternative formats for multi-unit auctions: discriminatory, uniform and a generalized Vickrey pricing. The simulated auction market is cast as a procurement auction
where a government agent buys services from a population of bidders with private independent values reflecting different production capacities and different cost structures.
Bidders submit supply schedules indicating the amount of services they would provide
at different prices. Auctions are repeated and bidders use genetic algorithm learning to
update their individual bid functions with the objective of increasing their net incomes.
The performance of each auction format is evaluated for different levels of competition,2 with the demand level from the purchasing agency ranging in magnitude from
12.5 to 75% of the aggregate capacity of the bidders. The comparative analysis is also
undertaken for different levels of heterogeneity in the size and cost structures of individual bidders. The paper is organized as follows. We first review the various auction
formats and the structural properties of bidding strategies implied by theoretical analysis. The generalized Vickrey is the only payment format for which equilibrium bidding
strategies can be theoretically calculated: Ausubel (2005) has demonstrated that truthful bidding is a weakly dominant strategy. Discriminatory and uniform formats lead
to a coordination problem. It is therefore analytically intractable to identify potential
equilibria and to measure theoretically the relative efficiency of these auctions. In
the third section, we develop an agent-based model (ABM) of boundedly rational
bidders revising their bid choices using a genetic learning algorithm. In the fourth section, we present the results from the computational experiments and compare bidding
behaviours, budgetary outlays and efficiency of allocation for the three formats. The
simulation results provide some confirmation of analytical predictions. But they also
indicate that bidding behaviours display more interesting patterns depending on the
interplay between the nature of heterogeneity in the bidder population, the intensity
of competition, and the type of the auction. We demonstrate that the different pricing
formats lead to similar budgetary efficiency except when the level of competition is
low. At low competition levels, the ranking of the formats depends on the nature of
the bidder population. In the fifth section, we summarize the paper and draw some
general recommendations.
2 Multiple-Bid Auctions
In this paper, we concentrate on the case of simultaneous procurement auctions, for
multiple identical units, with independent private values. We also assume that the
1 Tesfatsion’s web site at http://www.econ.iastate.edu/tesfatsi/ace.htm is an excellent source of information

on ACE research in economics.
2 The level of competition here is measured as the ratio of demand by the government agency over aggregate

supply by bidders. It reflects the degree of demand rationing but it does not include the impact of changes
in the number of bidders.
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number of units that the auctioneer wishes to buy is fixed (as opposed to a budgetconstrained auctioneer or an auctioneer with a downward-sloping demand curve).
Since most of the literature on multi-object multiple-bid auctions describes selling
auctions, here we describe and summarize briefly what would be the equivalent predictions for a procurement auction in the case of a continuous rather than discrete bid
specification. The continuous bid specification can be interpreted as one relating to
the purchase of perfectly divisible units and was initially developed by Wilson (1979)
who referred to it as “auctions of shares”.
There are two main options for conducting multi-unit auctions—open-cry and
sealed-bid. We will focus on the latter. In sealed bid auctions, each bidder is asked to
submit multiple bids indicating the price he is willing to accept for different quantities sold. In effect, these multiple bids are equivalent to an inverse supply function.
To describe the allocation procedures in the different auction formats, we need to
define the concept of residual demand. Let’s define the supply schedule of bidder i as
Q i = S i (b) with b the per-unit bids. We can then define the residual demand facing
bidder i, D −i (b), as the total demand Qd by the government agency less the sum of
the amounts offered by all other bidders j for each level of bid price.
⎧
⎨

D −i (b) = max 0, Q d −
⎩



S j (b)

j=i

⎫
⎬
⎭

In all auction formats, the allocation problem is solved by awarding each bidder the
quantity Q ∗i at which his supply schedule intersects his residual demand.
Q ∗i = D −i (b∗) = S i (b∗)
However, the three formats differ in the calculation of the payments for the winners
(see Fig. A1 in Appendix):
– In a discriminatory auction, each bidder is paid an amount equal to the sum of his
actual winning bids (or the area under his supply schedule up to Q ∗i ).
– In a uniform-price auction, all units sold earn the clearing price equating aggregate
supply to demand. Therefore, infra-marginal units receive payments that are higher
than the corresponding bids.
In a generalized Vickrey auction, each successful bidder is paid the entire area under
the residual demand up to Q ∗i . This form of payment is the generalization of the second price Vickrey payment from the single unit auction case. Each winner is paid the
amount corresponding to what the auctioneer would have had to pay to other bidders,
had he not participated in the auction.3 Since his payment does not depend in his bids,
it can be predicted intuitively that his dominant strategy is to bid truthfully, i.e. to bid
3 A simple example can be given in the discrete case. Let’s assume an auction with two bidders, each with
a supply of four units. Their bid schedules are (1, 3, 6, 7) and (2, 4, 5, 9) for bidders 1 and 2 respectively.
Demand by auctioneer is 4 units. Bidder 1 will sell two units and will get paid R1 = 9 + 5 = 14 and bidder 2
will also sell two units for a total payment R2 = 7 + 6 = 13.
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Table 1 Structural properties of equilibrium strategies for various formats of procurement multi-unit
auctions
Sealed-bid format

Structural property of equilibrium strategies and efficiencya

Discriminatory

Scope for “flat supply”b and and for “supply inflation”c ; Inefficient allocation

Uniform-price

“Supply inflationb ”; Coordination at a high price equilibrium; Inefficient allocation

Generalized Vickrey Truthful bidding is a weakly dominant strategy; Efficient allocation
a Efficiency here refers to the social opportunity cost of the allocation of resources. An efficient realloca-

tion is obtained when goods are bought (sold) from (to) bidders with the lowest marginal production costs
(highest marginal utility)
b The bid curve is almost flat, above the true cost curve
c Equivalent to demand reduction (or bid shading) in a selling auction: bidding is sincere on the first unit
then there is differential increasing overbidding

his true opportunity costs. This has been demonstrated for the single unit case by Vickrey and more recently by Ausubel for the multi-unit case (Ausubel 2005). However,
it is possible for bidders to coordinate bidding for clearing prices that are above those
implied by cost curves even under this pricing scheme as our results demonstrate.
2.1 Equilibrium Strategies, Efficiency, and Revenue
For multiple-bid auctions, no closed form expressions of the bidding strategies are
available in the general case and most studies have therefore focused on the structural properties of the equilibrium strategies (summarized in Table 1). Wilson (1979),
Back and Zender (1993), Engelbrecht-Wiggan and Kahn (1998), Tenorio (1999) and
Ausubel and Cramton (2002), have analyzed the outcomes of different multi-unit auction formats and shown that the revenue equivalence theorem does not extend to the
case of multiple-bid auctions.
Using simplified settings, the studies demonstrate4 the issue of bid shading (or
demand reduction) associated with a uniform-price multiple-bid selling auction. Their
findings agree: although it is a dominant strategy to bid truthfully for the first unit (or,
in the continuous case, when quantity tends to zero), it is efficient for the bidders
to shade their bids for additional quantities. Moreover, the amount of bid shading
increases with quantities offered. “The reason for this differential shading is that the
incentive to win units at any price below marginal value is offset by the incentive
to reduce the price paid on infra-marginal units that are won anyway” (Ausubel and
Cramton 2002, p. 23). The latter becomes increasingly important when quantities
increase, which explains the increasing bid shading. The consequence is that bids no
longer correlate with opportunity costs, leading to efficiency losses. All demonstrations can be carried over with no restriction to the procurement case. (See last column
of Table 1). This phenomenon has been verified empirically by Wolfram (1998) who
4 All demonstrations are made for a model where bidders’ values are private and independently distributed and ex-ante symmetric (the distribution of information is uniform across bidders in the pre-auction
situation).
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conducted an econometric analysis of “supply inflation” in the electricity procurement
auction in England and Wales.
It is also demonstrated, in a setting with two bidders and two units, that there is an
incentive, in a discriminatory format, to submit flatter supply curves than in a uniform
price auction. If bidders are risk neutral, submitting entirely flat supply curves is a
possible equilibrium (Back and Zender 1993), although drastic demand reduction is
also a possible outcome, especially when the difference in the marginal values of the
two units is high (Engelbrecht-Wiggan and Kahn 1998; Krishna 2002). Since there are
different classes of equilibrium strategies, it is difficult to analyze how bidders coordinate or even compare the efficiency of the two formats. Tenorio (1993) compares the
discriminatory and uniform price auction formats in the Zambian foreign exchange
market, which successively implemented the two. He demonstrates that the uniform
price auction yields higher average revenue to the auctioneer. His case study includes
some form of affiliated values, however.
Only in the generalized Vickrey payment is truthful bidding a weakly dominant
strategy, resulting in efficient allocation. On the other hand, for uniform and discriminatory formats, only increased competition can lead to the reduction of strategic
behaviour and to more truthful bidding (Ausubel and Cramton 2002; Swinkels 1999).
The generalized Vickrey is rarely employed in practice because the payment rule is
not easily understood by bidders. Therefore, it is crucial that more results be produced
to help decision-makers to make a choice between discriminatory and uniform payments. In particular, two issues are of interest for them: to assess how these formats
compare for different levels of competition and for different types of heterogeneity
in the bidder population. There are two sources of heterogeneity which are worth
exploring. The first one is associated with heterogeneity in the supply capacity of
bidders and the second is related to heterogeneity in supply costs. The theoretical
literature does not provide answers on the impact of these types of heterogeneity.
There is a need, therefore, to turn to experiments and simulations in order to further our
understanding.

2.2 Experiments
One way to make up for the unavailability of predictive analytical results is to turn
to experimental methods. Experiments can be designed to confirm theoretical results
but their function can also be to carry a problem beyond the analytical capabilities of
theoretical analysis or to fill a void when theory is incomplete or not available.
Given both the weakness of the theory on multiple-bid auctions and the increasing use of such auctions in economic life, a growing number of researchers have
tried to investigate bidding behaviour with laboratory experiments. Alemsgeest et al.
(1998) demonstrate that, in the two unit case, an ascending clock auction (i.e. discriminatory in the sealed bid setting) generates less revenue than the uniform sealed-bid
auction, due to strategic bid shading. Kagel and Levin (2001) also compare uniformprice sealed bid and open ascending auctions, with a real player with flat demand for
two units playing against a robot with unit demand. Their findings also highlight the
issue of demand reduction and show that in the open format, bids converge towards
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equilibrium values more rapidly than in a sealed bid format, as if the “clock could
enhance learning”. They confirm that the Ausubel format leads to more truthful
bidding.
Engelmann and Grimm (2003) compare bidding behaviour under five auctions formats and for a case where two bidders with flat demand curves compete to buy two
units. Their experiments demonstrate that demand reduction is more acute in uniform
open than in uniform sealed bid auctions, and that the Ausubel format eliminates bid
shading. They also find that, in clear contrast to theoretical prediction, bidders in
discriminatory auctions place substantially different bids on the first and second
unit, even when their valuations for the two units are close. They suspect that it
might be due to myopic zero profit aversion on the part of the bidders but do not
prove it.
Most experiments are conducted under simple settings. Human experiments can
also be extremely costly and complicated to run when exploring issues such as competition or heterogeneity amongst bidders. One way to deal with these difficulties is
to employ computational experiments (Duffy 2006).

3 The Modelling of Bidding Strategies with Artificial Learning Agents
Unlike conventional or deductive approaches, the starting point in agent-based computational economics (ACE) is the specification of agent attributes and behaviours
rather than equations or equilibrium conditions describing the system under study.
Therefore, ACE is suited to the study of systems where modelling outcomes can be
gainfully enriched through the explicit incorporation of phenomena like agent heterogeneity and through the relaxation of other restrictive assumptions that are normally
imposed in theoretical analysis for tractability purposes (Epstein and Axtell 1996;
Tesfatsion 2002). Studies applying ACE to the study of auctions include Andreoni
and Miller (1995), Nicolaisen et al. (2001), Bower and Bunn (2001), Bunn and
Oliveira (2001), Hailu and Schilizzi (2004), and Hailu and Thoyer (2006, 2007).
The model presented in this paper differs from previous models because it tackles
the issue of multiple-bid auctions: competing bidders submit continuous bid supply functions in the auction and employ genetic algorithms to update their bidding
strategies.

3.1 Structure of Agent Based Model
Our auction model has a population of agents selling goods in a sealed-bid auction
to a single buyer, the government agent. The government agent has a fixed target or
demand level. Each seller is characterized by a (true) non-decreasing supply function
and a given supply capacity indicating the maximum amount of good it has for sale.
The government agent does not know the true supply functions of the different bidders
and makes selection based on submitted or declared supply bid functions. Over time,
sellers learn to choose, in a repeated process, the supply bid functions that maximize
their expected net incomes.
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Each auction round involves two stages. In the first stage, the government collects
bid functions from the sellers, calculates the residual demand for each bidder and
determines the equilibrium quantities bought from each of them at the intersection of
their bid supply and their residual demand. In the second stage, payments to individual
bidders are determined according to the auction format in use. Sellers use the results
of the auction to compute their net incomes and to update the probabilities with which
they choose their bid strategies for the next round. The strategy choice probabilities of
a bidder therefore depend on his opportunity costs as well as on the history of choices
he has made and rewards obtained for those choices.
For the sake of simplicity, it is assumed that the true supply function of a seller i is
linear and can be written as:
Pi = ai0 + bi0 Q i
with 0 ≤ Q i ≤ msi , where msi is the capacity of bidder i, ai0 is his entry price (equivalent to his fixed costs) and, bi0 is the supply slope.
3.2 Seller Choice Strategies and Learning Algorithm
We allow bid curves to be non-linear.5 To accommodate different types of nonlinearities, we use a general Box–Cox functional form for these bid curves. The learnt bid
curve is assumed to be represented as follows:
bi (Q ici − 1)
βi (Q i ) = ai +
ci
with βi (Q i )being the strategic bid of player i. If ci is equal to unity, this form reduces to
a linear bid curve with entry price of ai − bcii and a slope of bi . For example, truthful bidding would be represented by a bid curve with the following features: ci = 1, bi = bi0
and ai = ai0 + bi0 . Bid curves with different types of curvature and entry prices can
be generated through the bidder’s selection of values for these three parameters. The
bid curves could also combine steep with flat portions, making Box–Cox formulation
highly flexible. A set of curves with different curvature and the associated parameter
values are shown in Fig. 1 below as an example of the flexibility of this formulation
for learnt bid curves.
Thus, there are three dimensions to the seller’s choice strategy: ai , bi , and ci . The
learning algorithm described below will allow bidders to progressively explore different combinations of these learnt parameters to retain the best values based on the
performance of past bids.
A constraint is imposed on the choice of strategies so that the chosen bid function
does not have any section falling below the true cost function (bidding below true costs
5 We are thankful to the reviewer who suggested nonlinear bidding curve as well as an alternative learning

algorithm (genetic algorithms). The original version of the paper limited learnt bids to linear curves and
used reinforcement learning. As we discuss below, the genetic algorithm allows for a better refinement in
the learning space and is computationally less demanding.
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a = 1 , b = 1 , c = 1.5

a = 1 , b = 0.5 , c = 2

3

bid price

4

5

a = 1 , b = 0.5 , c = 3

a = 2.25 , b = 0.05 , c = 2

2

a = 1.25 , b = 0.5 , c = 0.5

0

1

a = 0.75 , b = 0.25 , c = 0.5

0

1

2

3

4

5

quantity
Fig. 1 Nonlinearity and choice of Box–Cox parameter values

is a dominated strategy and is therefore not included in the bidder’s choice set). We
also impose that bidders won’t use extreme overbidding strategies by restricting their
bids to less than ten times the marginal cost of supply of the most expensive unit by
the most expensive supplier. This wide range was allowed to avoid artificially limiting
the learnt bids to a narrow region.

3.3 The Learning Algorithm
Different learning models have been developed over the last several decades.
A typology of learning models presented in Camerer (2003) shows the relationship between these learning algorithms and how certain variants are special cases
of others. The models differ in terms of their information requirements. Learning
algorithms that do not require that bidders have knowledge of forgone payoffs associated with strategies that they did not select are the most useful for the auctions
studied here. This is because bidders learn from individual experience based on the
results from their previously utilized strategies. Reinforcement-learning algorithm
(Roth and Erev 1995; Erev and Roth 1998) is a candidate and has been used in several
auction studies (e.g. Nicolaisen et al. 2001; Bunn and Oliveira 2001).
Genetic algorithm (GA) learning has similar minimal information requirements.
Compared to reinforcement learning, the genetic algorithm (GA) has two advantages.
First, reinforcement learning is an algorithm for selecting desirable strategies from a
fixed set of alternatives. Tested strategies that generate positive rewards have a higher
probability of being selected. This strategy to learning, while useful, can introduce
bias in that strategies are played because they were found to be rewarding in previous
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Table 2 Description of the four populations of bidders
Bidders

Capacity

Entry price (a0 b0 /c0 )

Supply slope b0

Population 1

8 identical bidders

0.5

0.5

0

Population 2

4 small

0.25

0.5

0

4 large

0.75

0.5

0

Population 3

8 identical bidders

0.5

0.5

0.5

Population 4

2 small-low cost

0.25

0.5

0.25

2 small-high cost

0.25

0.5

0.75

2 large-low cost

0.75

0.5

0.25

2 large-high cost

0.75

0.5

0.75

rounds and not because they are the best possible.6 The genetic learning algorithm
does not suffer from such bias. In our simulations, we find a much greater variability
in auction outcomes across replications when reinforcement learning used. Second,
GA does not require the specification of a discrete set of strategies (or parameter
tuples) over which bidders learn. With GA, one only needs to specify the range for
the parameter values but learnt optimal parameter values are considered as continuous numbers and can take any value in the range. As a result, the simulation results
are not ‘contaminated’ by the artificiality of the discreteness in the parameter value
sets. Of course, one can employ fine steps to reduce this problem in the reinforcement
learning; however, that increases greatly the number of feasible strategies slowing the
simulation dramatically.
A population of 100 chromosomes is used for each bidder in the GA. Both
cross-over and mutation operations are used to evolve the population. The algorithm is elitist, with the fittest 5% retained and used in the cross-over operator
to generate the remaining members in the next generation of chromosomes. The
mutation operator is the non-uniform mutation operator described in Michalewicz
(1996, pp. 103–104), allowing mutation rates to go down as the simulation
progresses.
4 Simulation Results and Discussion
4.1 Simulation Settings
Bidding under the Vickrey, discriminatory and uniform auctions was simulated in our
computation experiments for different levels of competition and heterogeneity in the
size and cost structures of the bidder population. The level of competition was varied
by changing demand while keeping aggregate supply capacity constant at 4.0. Six
levels of demand, ranging from 0.5 to 3.0, were used. These correspond to 12.5, 25,
37.5, 50, 62.5 and 75% of available aggregate capacity. Auction performance was
simulated for the following four bidder populations (Table 2):
6 We are thankful to the reviewer for attracting our attention to this shortcoming.

123

What Format for Multi-Unit Multiple-Bid Auctions?

199

Population 1: a homogeneous population of bidders with similar capacity and costs,
each with a flat supply cost curve (a0 = 0.5, b0 = 0, c0 = 1, ms =
0.50)
Population 2: a population where 50% of the bidders are small capacity bidders
(ms = 0.50) and 50% are large capacity bidders (ms = 0.75), each with
a with flat supply cost curves (a0 = 0.5, b0 = 0, c0 = 1)
Population 3: a homogeneous population with rising marginal cost curves (a0 =
1.0, b0 = 0.5, c0 = 1, ms = 0.50), and
Population 4: a highly heterogeneous population consisting of 4 small (each with a
capacity of 0.25) and 4 large bidders (each with a capacity of capacity
0.75) all with rising marginal cost curves (b0 = 1). Within each group,
half of the bidders have a supply slope of 0.25 and the other half have
a supply slope of 0.75.
4.2 Convergence of Simulated Strategies
Simulations are run over a large number of rounds until bidders have had ample time
to learn and adjust their bids. The genetic algorithm learning is allowed to run until
auction outcomes have converged, with convergence defined as the absence of change
in outlay for a period of at least ten rounds. In the majority of the cases, the median
number of rounds required for the results of the genetic algorithm learning to converge
was 104 rounds.
Since all simulations are undertaken with 100 replications using different random seeds, the strategies and the performance of the auctions are evaluated based on
the average values obtained from these 100 replications. First, the bidding strategies
observed are presented and compared to available theoretical predictions. Then the
performance results of the three auction formats are compared in terms of budgetary
outlays per unit and in terms of the social efficiency of allocation as measured by the
cost of production per unit.
4.3 Results for a Homogenous Population of Bidders with Flat Supply
This population has the simplest structure. The bidders are homogeneous in capacity
and the level of marginal cost is constant. Since the level of marginal cost is constant
and identical for all bidders, the competition at any price level involves the entire
aggregate capacity.
The simulated bidding behaviour for this population indicates that bidding is almost
truthful with regards to entry price (i.e., entry price is very close to 0.5) in all auction
formats when rationing is tight (i.e. the ratio of demand to aggregate capacity is less
than 50% or that demand is less than 2.0). Bidder entry prices are progressively inflated
as the demand level rises with the degree of overbidding on the entry pricing being
higher with the discriminatory auction, relative to the other auctions.
Beyond the entry price, all auction formats lead to overbidding, with bid prices lying
clearly above the costs. However, the nature of the overbidding and its relationship
to demand levels is dependent on auction format. Bid curves become flatter with
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discriminatory pricing, with the lower portions of these curves becoming almost
horizontal, as the level of demand increases. Completely flat curve bidding is the
strategy used at the highest demand level under the discriminatory auction. This is
consistent with the literature (Engelbrecht-Wiggan and Kahn 1998), which indicates
that, for discriminatory auctions, the expected structural properties of equilibrium strategies are higher entry price and flat bidding on the subsequent units (high flat bidding
henceforth). A flattening of the supply curve improves bidder revenue as the prices
received for infra-marginal units are brought closer to that of the marginal unit. So
under this auction format, there is an incentive for bidders to organize their bids at the
auction clearing price. However, when competition is tight, these flat supply curves are
susceptible to price undercutting by rivals and the bidder can easily be priced out with
small changes in others’ bids. Under such circumstances, bidders have an incentive to
ensure winning by bidding with truthful entry prices while at the same time earning
positive net income by inflating prices on subsequent units. This is what is referred to
as supply inflation in the literature. Thus, supply inflation under discriminatory pricing
is not precluded by theory (Krishna 2002), and it is exactly what is observed in our
simulations for the case of this homogenous populations for entry prices when demand
is very low but also at the end portions of flatter bid curves (for higher quantity levels)
when demand is high.
The relationship between bidding curve slopes and demand exhibits a similar pattern
under the Vickrey and uniform pricing formats. For low demand levels, bidding strategies are comparable to the ones observed in the discriminatory format (supply inflation), whereas for higher demand levels, bid curves are steeper (and include no flat
portions) compared to those in the discriminatory auction. That is, both the Vickrey
and the uniform auctions involve supply inflation strategies. In these auctions, supply
inflation allows the marginal bidder (the one setting the clearing price) and all other
winners to make greater profits. It is the behaviour expected by theory for uniform
auctions. However, the propensity to bid with shallower curves that is evident at higher
demand levels can be explained by the fact that each bidder has a lower probability of
being the price setter as demand increases. Infra-marginal bidders have no incentives
to inflate their bids as it does not impact the price they get. However, a flatter curve
helps prevent the clearing price from slipping down greatly if competitors lower their
bid curves. Therefore, the shallow bid curves combine features of both the supply
inflation and high flat bidding strategies.

4.4 Results for a Population of Bidders with Flat Supply but Heterogeneous Sizes
The introduction of size heterogeneity has impact on bidding behaviour. We observe
differences between the strategies adopted by small and high capacity bidders, especially at higher demand levels. Large bidders participate more in price setting compared to their smaller competitors. Heterogeneity has another important effect besides
this. Larger bidders tend to use bid curves that have substantial shallow or completely flat bid sections in the case of discriminatory auctions. In the Vickrey and
uniform auctions, large bidders adopt strategies that combine supply inflation and
high flat bidding by using bid curves that have shallower sections (lower quantity

123

What Format for Multi-Unit Multiple-Bid Auctions?

201

levels) but rise rapidly. These reflect the predominant role of large suppliers in price
setting.
4.5 Results for Homogeneous Population of Bidders with Upward Sloping Supply
When the marginal cost of production is positively sloped, bidding strategies are very
similar across all formats. First, all bidding strategies involve overbidding across all
demand levels. For example, bid entry prices are more than twice true entry costs
under all pricing formats. Second, bidders adopt higher bid entry prices with flatter
bid curves as the level of demand increases. However, supply curves include completely flat portions (for lower portions of the bid supply curve) only in the case of the
discriminatory auction. The latter behaviour conforms to the theoretical predictions
as explained above and is explained by reduced risks of being completely undercut by
competitors when the demand level increases together with the incentives for overbidding on all quantities under discriminatory pricing. In the other two formats, the
absence of relatively truthful entry prices of the type observed for populations 1 and 2
is an indication of the fact that bidders find aggressive pricing more rewarding when
cost curves are increasing and, therefore, the degree of competition among units is not
as intense as it is when cost curves are flat (i.e., marginal costs are constant).
4.6 Results for Population of Bidders with Heterogeneous Sizes and Supply Slopes
There are four types of bidders in this population, with bidders distinguished by size
(0.25 and 0.75) and slope of supply cost curve (0.25 or 0.75). All have the same entry
price of 0.5. As in the case of the homogeneous population with rising costs, entry
bid prices are highly inflated for all auction formats and all bidders, regardless of size
or cost structure. However, bidding patterns differ among bidders and also between
auction formats even for the same type of bidder. In particular, bidding patterns for
discriminatory auction are different from those for the other two auctions. The difference between bid curve patterns in the Vickrey and uniform auctions are minor.
As with the results for the other populations, truthful bidding is almost non-existent with a discriminatory auction. The most predominant overbidding is the theoretically expected “high flat” supply bid which is the strategy adopted by winning
bidders. When demand is low (below 1.5), it is the bidders with flatter cost curves
(both small and large) that win the auctions and are influential in setting the clearing
price. As demand increases to 1.5 and beyond, bidders with steeper cost curve become
successful and switch from “supply inflation” strategies to “high flat bidding”, with
large bidders who have steep cost curves adopting bid curves that have mainly flat portions with steeper upper portions. This behaviour is consistent with what has already
been observed in more homogeneous population settings. It confirms that supply inflation is a strategy adopted by bidders who are likely to be totally priced out by rivals.
The role in pricing setting of bidders with cost advantages (flatter cost curves)
declines as demand level increases (beyond 2.0) for both the Vickrey and uniform
auctions. At lower demand levels these bidders are the price setters. Price setting in
the intermediate demand level of 1.5 involves all bidders, but with bidders that have
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cost advantages successful in selling all their capacities. For higher demand levels,
price setting is primarily done by higher cost suppliers. Low cost bidders tend to bid
with curves that are shallower and lie under the price line. Therefore, the pattern with
which the target demand is sourced among the bidders is different between discriminatory and the other auctions. In Vickrey and uniform auctions, the capacity of low
cost suppliers tends to be exhausted before other bidders become successful as demand
rises.
4.7 Bidding Strategies: A Summary
Examining the pattern of bidding behaviour across the different populations, the following general observations can be made.
(1)

(2)

(3)

Overbidding is the norm under the discriminatory auction. The theoretically predicted high flat bidding (overbid on entry price and low or zero slope) becomes
predominant when competition is weak. For a bidder, competition is weak either
because demand is higher or because it has cost advantages relative to marginal
units in the auction. As a result, high flat bidding is observed when demand is
high regardless of the population, although the bidding curve might include a
steep end segment. Supply inflation (truthful bidding on entry price but higher
supply slopes) is the predominant overbidding strategy under the discriminatory
auction when demand is low. This behaviour allows the bidder to minimize the
risk of being completely undercut by competitors. Therefore, this bidding strategy is rational when the level of competition is intense because demand is low
and/or marginal cost is constant pitting every unit for sale against every other.
When marginal costs are rising, bidding under discriminatory auction involves
higher entry prices with increasingly flatter curves.
Under both the Vickrey and uniform pricing formats, the typical strategy when
marginal costs are constant is relatively truthful entry prices with rising bid
curves (“supply inflation”). When marginal costs are rising, however, bid entry
prices involve overbidding, with the degree of overbidding rising with the
demand level. Unlike in the case of the discriminatory auction, some bidders
(especially small ones) might have bid curves lying below the auction clearing
prices, i.e. the small (and/or more competitive) bidders free ride on the price setting achieved by larger (and/or less competitive) ones. As a result, the number of
bidders participating in price setting is lower under these auctions compared to
under discriminatory pricing when the population of bidders is heterogeneous.
Coupled with the incentives that bidders have for inflating prices under the
uniform auction, this phenomenon can generate higher auction clearing prices
relative to other formats when competition is weak.
With nonlinear bidding, a hybrid strategy involving elements of both supply
inflation and high flat bidding can be the best strategy. This involves the use
of a shallow or flat curve at lower demand levels followed by a rapidly rising
upper section. Such a bid curve pushes up auction clearing prices if the collective bidding of the population is such that the upper section is participating in
price setting. The flatter lower section prevents prices from sliding down. In the
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case of the discriminatory auction, the flatter section also improves revenue by
raising payments for infra-marginal units.
4.8 Nash Equilibrium Property Tests of Learnt Strategies
The learnt bids were tested for best reply properties by checking, for one bidder at
a time, if there is no other strategy that allows the bidder to increase his net income.
The results on NE test pass counts indicate that bidders can coordinate bid curves
using strategies that are not necessarily Nash equilibrium strategies. The percentage
of learnt strategy choices that constitute a Nash equilibrium strategy set is higher in heterogeneous populations than among homogenous populations, reflecting the impact
on strategies of size and cost differences in the former case. They are also highest
among Vickrey auctions, followed by uniform auctions. For discriminatory auction,
the pass rates are lower. This reflects that under the Vickrey and uniform auctions,
a winning bidder’s revenue is more likely to be determined by other bidder’s bidding strategies. Further, NE test pass rates tend to be higher among bidders with cost
disadvantages when demand levels are low, regardless of the auction format. This
reflects that these bidders are priced out in the auction and there is very little that
a unilateral move could alter in terms of bidder profits. NE pass rates are also high
among bidders with cost advantages when demand is high under Vickrey (and to a
lesser degree under uniform pricing), as these bidders tend to participate less in price
setting and free ride on the prices set by other bidders; therefore, unilateral moves
would not improve profits for these bidders under these circumstances because they
are selling their full capacity at prices set by other bidders. The NE pass rates are
summarized in Table 3.
Overall, more bid curve choices constitute NE strategies when the level of competition is tighter (demand is in the lower ranges). These figures confirm that the
multiplicity of possible equilibria induce coordination failures. Bidders learn to coordinate their overbidding when demand is high. However, these coordinated bids do not
constitute best reply strategies as individual bidders can improve their net incomes
through unilateral deviation. With the Vickrey, for example, coordinating bidding
choices with others so that the clearing price is high benefits all bidders. However, a
bidder’s net income might improve (but would never go down) if it reverts to a more
truthful bidding strategy given the choices of its competitors. In the discriminatory
auction, a bidder’s revenue depends on his own bid, providing the bidder with the
incentive to deviate if other bidders were to keep their bids fixed. Under the uniform,
the bidder’s revenue can depend on its own bidding strategy. Therefore, a bidder might
have the same incentives to defect or ‘free ride’ on the price coordination choices of
other bidders.
4.9 Auction Performance
The performance of an auction is measured using the following two criteria: budgetary outlay and the total production costs (allocative efficiency). The former measures the monetary transfers from the buyer to the bidders. The latter measures the
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Table 3 Percentage of learnt
bid strategies that pass Nash
equilibrium tests

Demand
0.5

1.0

1.5

2.0

2.5

3.0

Vickrey

77

64

49

40

43

61

Discriminatory

74

47

23

24

35

19

Uniform

66

61

49

31

34

35

Vickrey

80

62

50

44

52

67

Discriminatory

69

44

26

33

18

3

Uniform

69

59

43

40

38

31

Vickrey

65

59

52

42

31

59

Discriminatory

64

47

31

18

27

21

Uniform

61

53

51

44

32

32

Vickrey

75

69

71

68

64

70

Discriminatory

66

54

35

26

31

25

Uniform

70

64

68

55

52

36

Population 1

Population 2

Population 3

Population 4

(b)
0.65

0.65

(a)

Vickrey

Vickrey

Discrim.

0.60

cost per unit

Uniform

0.55

0.60

Uniform

0.50

0.55

cost per unit

Discrim.

0.5

1.0

1.5

2.0

demand

2.5

3.0

0.5

1.0

1.5

2.0

2.5

3.0

demand

Fig. 2 Allocative efficiency, demand level and auction pricing format. a Bidder population 3, b bidder
population 4

auction’s social cost efficiency. From a social welfare perspective, the auction outcomes are more efficient if the product is purchased or sourced from lowest cost
sources. This second criterion is relevant only for the last two populations (3 and 4)
as any allocation is equally efficient when marginal costs are constant and identical
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(b)
4

(a)

4

Uniform

Vickrey
Discrim.

3

outlay per unit

6

Discrim.

Uniform

2

8

Vickrey

1

2

outlay per unit
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0.5

1.0

1.5

2.0

2.5

3.0

0.5

1.0

demand

2.0

2.5

3.0

2.5

3.0

demand

(d)
4

Discrim.
Uniform

1

1

2

3

Vickrey

3

outlay per unit

6

Uniform

4

Discrim.

5

Vickrey

2

7

(c)
outlay per unit

1.5

0.5

1.0

1.5

2.0

demand

2.5

3.0

0.5

1.0

1.5

2.0

demand

Fig. 3 Budgetary efficiency, demand level and auction pricing format. a Bidder population 1, b bidder
population 2, c bidder population 3, d bidder population 4

for all bidders as in populations 1 and 2. The results from for allocative efficiency
are plotted in Fig. 2 and indicate that the auction formats cannot be consistently
ranked based on this criterion. In the case of population 3, for example, the discriminatory auction seems to generate lower social production costs than the other two
formats for most demand levels. This advantage does not hold in the case of the most
hetergoneous population (4), where the other two formats generate similar or lower
costs.
Judging by budgetary outlay, the three pricing formats generate very similar outcomes except in for the case of the highest demand level. See Fig. 3. The similarity in
outlays at most demand levels confirms that a revenue equivalence effect is at work
even under the multi-unit auction. The stark differences at the highest demand level,
however, highlight the limitations of the theory. For populations with constant costs,
the discriminatory auction generates much higher auction prices and higher budgetary
outlays than the other two auctions. This is the case for both flat and rising supply cost
curves. Further, the Vickrey is slightly better than the uniform auction at the highest
demand level. Overall, the Vickrey would be the best choice under bidder populations
1 and 2.
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When bidders are heterogeneous, the similarity in budgetary performance of the
auctions still holds for most demand levels. However, the uniform auction generates
the lowest level of budgetary efficiency at the highest demand level. The discriminatory auction performs best at the highest level of demand. However, the advantages of this auction over the other two formats is not as strong as the relative
disadvantage that it has at the same demand level when bidder populations are homogeneous.

5 Conclusions
Economic theory does not provide an analytical description of the equilibrium bidding strategies under multi-unit uniform and discriminatory auctions. The choice of
auction format continues to be a controversial issue. The objective of this paper is
to contribute towards filling this knowledge gap by using computational experiments
to simulate bidding behaviour and auction performance for three formats: uniform,
discriminatory and generalized Vickrey auctions.
The paper started by discussing theoretical predictions for the three auction types
and the knowledge gaps that exist. Findings from some studies using human experiments were also discussed. An agent-based model was then formulated to simulate
bidding among a population of agents that use genetic algorithm learning to optimize their nonlinear bid curves based on individual auction experience. The bidders
learn over a strategy space with three parameters: the intercept, the slope parameter and the Box–Cox nonlinearity parameter. The experiments are undertaken for
seven different demand levels (ranging in magnitude from 12.5 to 75.0% of aggregate supplier capacity) and for four different types of bidder populations, with the
most heterogeneous one consisting of four groups of bidders differentiated by size
and marginal cost slopes. All bidders in all populations have the same true entry
prices.
Our results indicate that bidding behaviour cannot be completely characterized by
auction format. It also depends on the nature of the bidder population and the level of
competition. In particular, bidding strategies are sensitive to the heterogeneity of size
amongst bidders especially in the case of the uniform and Vickrey auctions. These
auctions induce two types of strategies: truthful bidding and supply inflation (i.e. true
entry price but increasing overbidding on the subsequent units). When the population
of bidders is heterogeneous and demand levels higher, these auctions lead to patterns
where smaller and/or more competitive are involved less in price setting. Supply inflation is observed mostly for high levels of competition and predominantly for large
capacity bidders. It is the strategy adopted by the bidders who are likely to be the price
setters. The supply inflation strategy can also include a flat section at lower quantity
levels. The flat sections help the bidder prevent prices from sliding down if other bidders lower their bid curves to below the price line. On the contrary, when bidders are
less likely to be price setters, they tend to bid with curves that are completely below
the price line thus “free-riding” on the risks taken by their bigger or more expensive
counterparts.
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The discriminatory auction, on the other hand, never leads to truthful bidding: two
types of overbidding behaviours are observed: supply inflation and high flat bidding
(i.e. high leant entry price and flat supply bid). The high flat bidding expected by
theory is found when levels of competition are low. However, supply inflation is a
frequent strategy when competition levels are high. Our results provide evidence of
such bidding behaviour among all types of bidders at high competition levels, and
even at high demand levels for bidders with less competitive cost structures. This
bidding behaviour has also been observed in human experimental studies (Engelmann and Grimm 2003). An intuitive explanation can be provided for this deviation from the high flat bidding predicted by theory. High flat bids have the capacity to improve bidder revenue as the prices received for all units sold are brought
closer. However, this strategy increases the risk that the bidder is completely priced
out by rivals. Therefore, when a bidder faces stiff competition as a result of its
similarity with others or because of its less competitive cost structure, a strategy
of supply inflation rather than high flat bidding allows it to avoid zero gain outcomes.
The picture provided by these simulations is more complex than the partial view
that the theory provides in relation to the structural properties of equilibrium strategies
under the three formats. It indicates that attention should be granted to the level of
competition as well as the heterogeneity of the bidding population, not only in terms
of cost structure but also in terms of size.
The analysis of the relative performance of auctions in terms of budget outlays
also delivers a strong message. The discriminatory auction, which is commonly used
in practice, can be the most expensive when bidders are homoegenous and competition is weak. Vickrey is the least expensive procurement auction in these cases. The
uniform auction can be the least attractive in terms of budgetary outcomes when populations are heterogeneous and competition is very weak. For most low and intermediate demand levels, however, the three auction formats deliver very similar budgetary
outcomes. Finally, the ranking of the auction formats on the basis of social cost efficiency (allocative efficiency) depends on the type of heterogeneity and the degree
of competition. These results suggest that the choice of an auction format should be
tailored to the bidder population and predicted competition level. Auction simulations
could be useful for assessing the potential performance of the different formats as
the theoretical predictions seem to provide little on the variety of bidding strategies
and auction ranking outcomes when competition levels and bidder populations are
varied.
Appendix
See Fig. A1.
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Bids

S i (b) : Supply
schedule by bidder
1

b*

S i (b)

b*

D −i (b) : Residual
demand facing bidder 1

Q *i

Discriminatory

Q *i

Uniform-Price

Q *i

Vickrey
Fig. A1 Total payments under different auction formats
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